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A graph is called equimatchable if all of its maximal match-
ings have the same size. Frendrup et al. [8] provided a char-
acterization of equimatchable graphs with girth at least 5.
In this paper, we extend this result by providing a complete
structural characterization of equimatchable graphs with
girth at least 4, i.e., equimatchable graphs with no triangle,
by identifying the equimatchable triangle-free graph fami-
lies. Our characterization also extends the result given by
Akbari et al. in [1], which proves that the only connected
triangle-free equimatchable r -regular graphs areC5,C7 and
Kr ,r , where r is a positive integer. Given a non-bipartite
graph, our characterization implies a linear time recognition
algorithm for triangle-free equimatchable graphs.
K E YWORD S
Equimatchable, Triangle-free, Factor-critical, Girth, Graph families,
2010 AMS Subject Classification Number: 05C70, 05C75
1 | INTRODUCTION
A graph G is equimatchable if every maximal matching of G is a maximum matching, i.e., every maximal matching in
G has the same cardinality. The concept of equimatchability was introduced in 1974 independently by Grünbaum
[9], Lewin [12] andMeng [13]. In 1984, Lesk et al. [11] accomplished a formal introduction of equimatchable graphs
and provided a structural characterization of equimatchable graphs via Gallai-Edmonds decomposition, yielding a
polynomial-time recognition algorithm. Equimatchable graphs can also be considered as an analogue of well-covered
graphs in terms of independent sets. A graph iswell-covered if all of its maximal independent sets have the same size.
Noting that a set of edges in a graph is a matching if and only if the corresponding set of vertices in its line graph is
an independent set, a graph is equimatchable if and only if its line graph is well-covered. Since every line graph is
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claw-free, the polynomial-time recognition algorithm for well-covered claw-free graphs given in [15] determines also
the equimatchability of a graph in polynomial-time. Alternatively, Demange and Ekim [4] gave another characterization
of equimatchable graphs yielding amore efficient recognition algorithm using alternating chain-based arguments in
some properly constructed auxiliary graphs.
In the literature, the structure of equimatchable graphs are extensively studied by several authors. The first study is
the characterization of equimatchable graphswith a perfectmatching, i.e., randomlymatchable graphs. In 1979, Sumner
[14] proved that the only connected randomlymatchable graphs are the complete graph K2n and complete bipartite
graph Kn,n for n ≥ 1. On the other hand, the work in [11] provides a general structure of not only randomlymatchable
graphs but also equimatchable graphs without a perfect matching. A significant consequence of this characterization is
that every 2-connected equimatchable graph is either bipartite or factor-critical or K2n , n ≥ 1. In 1986, Favaron [7]
investigated equimatchable factor-critical graphs and characterized such graphs with vertex connectivity one and two.
In [6], Eiben and Kotrbcˇík proved that for a 2-connected factor-critical equimatchable graphG and aminimal matching
M isolating a vertex v ofG ,G\(V (M ) ∪ {v }) is a connected randomlymatchable graph. More recently, Dibek et al. [5]
showed that equimatchable graphs do not have a forbidden subgraph characterization since the equimatchability is
not a hereditary property, i.e., it is not necessarily preserved by induced subgraphs. They then provided the first family
of forbidden induced subgraphs of equimatchable graphs. Namely, they showed that equimatchable graphs do not
contain odd cycles of length at least nine. Furthermore, Akbari et al. [2] provided the characterization of claw-free
equimatchable graphs by identifying the equimatchable claw-free graph families.
In 2010, Frendrup et al. [8] gave a characterization for equimatchable graphs with girth at least five. Particularly,
they showed that an equimatchable graph with girth at least five is either one ofC5 andC7 or amember of graph family,
which contains K2 and all bipartite graphs with partite setsV1 andV2 such that all vertices inV1 are stems and no vertex
fromV2 is a stem. Recently, Akbari et al. [1] partially characterized equimatchable regular graphs by showing that for
an odd positive integer r , ifG is a connected equimatchable r -regular graph, thenG ∈ {Kr+1,Kr ,r }. A particular result
in [1] is that the only connected triangle-free equimatchable r -regular graphs areC5,C7 and Kr ,r where r is a positive
integer. In this paper, we extend both the result by Frendrup et al. [8] and the result by Akbari et al. [1] by providing a
complete structural characterization of triangle-free equimatchable graphs. Our characterization yields a linear time
algorithm that recognizes whether a given non-bipartite graph is equimatchable and triangle-free.
Section 2 is devoted to basic definitions, notations, and previous results on equimatchable graphs. In Section 3,
we first point out that non-factor-critical equimatchable triangle-free graphs correspond to equimatchable bipartite
graphs, which have already been characterized in [11]. We then discuss the structure of factor-critical equimatchable
triangle-free graphs. In Section 4, we characterize the factor-critical equimatchable triangle-free graphs by identifying
factor-critical equimatchable triangle-free graph families. In Section 5, we summarize our structural characterization for
equimatchable triangle-free graphs by giving themain theorem (Theorem 36) and provide the linear-time recognition
that decides whether a given non-bipartite graph is equimatchable and triangle-free. Finally, in Section 6we conclude
the paper and present some open questions.
2 | PRELIMINARIES
In this section, we first give graph-theoretical definitions and notations, and then present preliminary results that will be
used in the characterization of triangle-free equimatchable graphs.
All graphs in this paper are finite, simple, and undirected. For a graphG ,V (G ) and E (G ) denote the set of vertices
and edges inG , respectively. An edge joining the vertices u and v inG will be denoted by uv . For a vertex v inG and
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a subset X ⊆ V (G ), N (v ) denotes the set of neighbors of v inG , while N (X ) denotes the set of all vertices adjacent
to at least one vertex of X inG . A vertex of degree one is called a leaf and a vertex adjacent to a leaf is called a stem.
The order ofG is denoted by |V (G ) |; besides,G is called odd (resp. even) if |V (G ) | is odd (resp. even). For a graphG and
U ⊆ V (G ), the subgraph induced byU is denoted byG [U ]. The differenceG\H of two graphsG andH is defined as the
subgraph induced by the difference of their vertex sets, i.e.,G\H = G [V (G )\V (H )]. For a graphG and a vertex v ofG ,
the subgraph induced byV (G ) − v is denoted byG − v for the sake of brevity. The path, cycle, and complete graph on n
vertices are denoted by Pn ,Cn , and Kn , respectively, while the complete bipartite graph with bipartition of sizes n andm
is denoted by Kn,m . The graphC3 (or equivalently K3) is termed triangle and a graph is called triangle-free if it contains no
induced triangle. The length of a shortest cycle inG is called the girth ofG . For a graphG , c(G ) denotes the number
of components inG . A set of vertices S of a graphG such that c(G\S ) > c(G ) is called a cut-set. A vertex v is called a
cut-vertex if {v } is a cut-set. A graph is 2-connected if its cut-sets have at least 2 vertices.
Amatching in a graphG is a setM ⊆ E (G ) of pairwise nonadjacent edges ofG . A vertex v ofG is saturated byM
if v ∈ V (M ) and exposed byM otherwise. AmatchingM is calledmaximal inG if there is no other matching ofG that
containsM . A matching is called amaximummatching ofG if it is a matching of maximum size. AmatchingM inG is
a perfect matching ifM saturates all vertices inG , i.e.,V (M ) = V (G ). For a vertex v , a matchingM is called amatching
isolating v if {v } is a component ofG\V (M ). AmatchingM isolating a vertex v is calledminimal if no subset ofM isolates
v . A graph G is equimatchable if every maximal matching of G is a maximummatching, i.e., every maximal matching
has the same cardinality. A graphG is randomly matchable if it is an equimatchable graph admitting a perfect matching.
A graphG is factor-critical ifG − v has a perfect matching for every vertex v of G. For the sake of brevity, we denote
equimatchable factor-critical graphs by EFC-graphs.
The characterization of randomlymatchable graphs was provided by Sumner as follows:
Theorem 1 ([14]) A connected graph is randomly matchable if and only if it is isomorphic to K2n or Kn,n , n ≥ 1.
A characterization of EFC-graphs having a cut-set of size onewas provided by Favaron as follows:
Theorem 2 ([7]) A graph with vertex-connectivity 1 is an EFC-graph if and only if:
1. There exists exactly one cut-vertex v ,
2. Every component ofG − v is randomly matchable, i.e. either K2n or Kn,n ,
3. v is adjacent to at least two adjacent vertices of every component ofG − v .
For a 2-connected EFC-graphG , the structure of the graphG\(V (M ) ∪ {v }), where v ∈ V (G ) andM is a minimal
matching isolating v , was given in [6] as follows:
Theorem 3 ([6]) LetG be a 2-connected EFC-graph. Let v be a vertex ofG andM be a minimal matching isolating v . Then
G\(V (M ) ∪ {v }) is isomorphic to K2n or Kn,n for some nonnegative integer n .
The following results used frequently in our arguments are the key to analyzing equimatchable graphs with no
triangle.
Lemma 4 A factor-critical graphG is equimatchable if and only if there is no independent set I of size 3 such thatG\I has a
perfect matching.
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Proof Note that a factor-critical graphG has amaximummatching of size [ |V (G ) | − 1]/2.
(⇒) LetG be a EFC-graph. Then all maximal matchings ofG have size [ |V (G ) | − 1]/2. Assume to the contrary that
there is an independent set I ofG with 3 vertices such thatG\I has a perfect matchingM . It implies thatM is a maximal
matching ofG of size [ |V (G ) | − 3]/2, contradiction. Therefore, we conclude that for every independent set I of size 3,
G\I has no perfect matching.
(⇐) Suppose, conversely, that for all independent set of size 3,G\I has no perfect matching. Assume thatG is not
equimatchable. That is, there exists a maximal matchingM of size strictly less than [ |V (G ) | − 1]/2 inG . SinceM is not a
maximummatching by factor-criticality ofG , by repetitively using augmenting paths, a maximal matchingM ∗ of size
([ |V (G ) | − 1]/2) − 1 = [ |V (G ) | − 3]/2 inG can be obtained. This implies that I = G\V (M ∗) is an independent set of size 3
andM ∗ is a perfect matching inG\I , contradiction. We conclude thatG is equimatchable.
Lemma 5 LetG be a connected EFC-graph andM be a matching ofG . ThenG\V (M ) is equimatchable and factor-critical, and
the followings hold:
1. G\V (M ) has exactly one odd component and this component is equimatchable and factor-critical.
2. Even components ofG\V (M ) are randomly matchable.
Proof LetG be a connected EFC-graph andM be amatching ofG . That is, everymaximal matching ofG leaves exactly
one vertex exposed.
1. Notice thatG is odd by factor-criticality andV (M ) has an even number of vertices. It follows thatG\V (M ) has
an odd number of vertices. Hence, it is easy to see that G\V (M ) contains at least one odd component. Indeed,
G\V (M ) contains exactly one odd component. Otherwise, ifG\V (M ) has k odd components where k ≥ 2, then
everymaximal matching extendingM leaves at least k exposed vertices, contradicting with the fact thatG is an
EFC-graph. LetG ∗ be the unique odd component ofG\V (M ). Assume to the contrary that there exists amaximal
matchingM ∗ ofG ∗ leaving at least three exposed vertices. It follows that everymaximal matching ofG extending
M ∪M ∗ leaves at least three exposed vertices, contradicting with the fact thatG is an EFC-graph. Hence, every
maximal matching ofG ∗ leaves exactly one vertex exposed; that is,G ∗ is equimatchable and factor-critical.
2. For an even componentH ofG\V (M ), assume to the contrary that there exists amaximalmatchingMH ofH leaving
at least two exposed vertices. It follows that any maximal matching ofG extendingM ∪MH leaves at least two
exposed vertices, contradicting with the fact thatG is an EFC-graph. Hence, every maximal matching ofH leaves no
vertex exposed, i.e., everymaximal matching ofH is a perfect matching. Hence,H is randomlymatchable.
By combining 1 and 2, one can easily observe thatG\V (M ) is equimatchable and factor-critical.
Lemma 6 LetG be a triangle-free graph andC be an induced odd cycle inG . For any two vertices x and y inG\C , there exists
a vertex v ∈ C which is adjacent to neither x nor y .
Proof LetG be a triangle-free graphwith an induced cycleC of length 2n + 1. Let x and y be any two vertices inG\C .
By triangle-freeness ofG , the vertex x (and equivalently y ) can be adjacent to at most n vertices inC . Hence, the size
of the neighborhood of x and y inC can be at most 2n , implying that there exists a vertex v ∈ C which is adjacent to
neither x nor y .
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3 | STRUCTURE OF TRIANGLE-FREE EQUIMATCHABLE GRAPHS
This section is devoted to describe the structure of triangle-free equimatchable graphs, i.e., equimatchable graphs with
girth at least 4. Since a graph is equimatchable if and only if each of its components is equimatchable, it suffices to
characterize connected triangle-free equimatchable graphs. To characterize triangle-free equimatchable graphs, we
only need to investigate equimatchable graphs with girth exactly 4 since the following structural characterization of the
equimatchable graphs with girth at least five is provided in [8]:
Theorem 7 ([8]) LetG be a connected equimatchable graph with girth girth at least 5. ThenG ∈ F ∪ {C5, C7 }, where F is the
family of graphs containing K2 and all connected bipartite graphs with bipartite setsV1 andV2 such that all vertices inV1 are
stems and no vertex fromV2 is a stem.
The class of triangle-free equimatchable graphs can be separated into two complementary subclasses, namely
non-factor-critical and factor-critical graphs. First, we consider non-factor-critical triangle-free equimatchable graphs.
A structural result for equimatchable graphs, not necessarily triangle-free, was given as follows:
Theorem 8 (Lemma 8 in [5]) IfG is an equimatchable graph with an induced subgraphC isomorphic to a cycleC2k+1 for some
k ≥ 2, thenG is factor-critical.
In other words, if an equimatchable graph is non-factor-critical, then it cannot have an induced cycleC2k+1 for k ≥ 2.
Hence, it is easy to observe that a non-factor-critical equimatchable graph with no triangle is bipartite. In [11], a
characterization for equimatchable bipartite graphs was given as in the following way:
Theorem 9 ([11]) A connected bipartite graphG = (U ∪V , E )with |U | ≤ |V | is equimatchable if and only if for all u ∈ U ,
there exists a non-emptyX ⊆ N (u) such that |N (X ) | ≤ |X |.
Therefore, it suffices to concentrate only on triangle-free factor-critical equimatchable graphs, shortly triangle-free
EFC-graphs, in the rest of this paper. More precisely, we focus on triangle-free equimatchable graphs with girth exactly
4 and containing an odd cycle. Note that a factor-critical graph can not be bipartite, since if you choose a vertex from the
small partite set (or from any partite set if their cardinalities are equal) there can not be a perfect matching in the rest of
the graph. In the next lemma, we show that a triangle-free EFC-graph cannot have a cut vertex. That is, all graphs we
deal with in this paper are indeed 2-connected.
Lemma 10 LetG be a connected triangle-free EFC-graph. ThenG is 2-connected, i.e. G has no cut-vertex.
Proof Let G be a connected triangle-free EFC-graph. Assume that G has a cut-vertex v . By Theorem 2, v must be
adjacent to at least two adjacent vertices in each component ofG − v , which contradicts with the assumption thatG is
triangle-free.
By Theorem 7, it is easy to see that connected triangle-free EFC-graphs correspond to disjoint union ofC5,C7, and
equimatchable graphs with girth exactly 4 and containing an odd cycle. On the other hand, a family of forbidden induced
subgraphs of equimatchable graphs was provided in [5] as follows:
Theorem 11 ([5]) Equimatchable graphs areC2k+1-free for any k ≥ 4.
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By the following result, it only remains to analyze the structure of connected triangle-free EFC-graphs with an
induced odd cycle of length five or seven:
Corollary 12 LetG be a connected triangle-free EFC-graph. ThenG contains an induced odd cycleC of length five or seven.
Particularly,G does not contain an induced odd cycle of any other length.
Throughout the rest of the paper,G denotes a connected triangle-free EFC-graph andC denotes an induced odd
cycle inG . By Corollary 12,C is eitherC5 orC7. Since bothG andC are odd,G\C has an even number of vertices. Note
here thatG\C is allowed to be empty, i.e.,G is C5 or C7 itself. In the next theorem, we prove that the removal of an
odd cycle fromG results in a randomlymatchable triangle-free graph, i.e., disjoint union of Kn,n for some nonnegative
integers n .
Theorem 13 Let G be a connected triangle-free EFC-graph. For an induced odd cycle C in G , every component of G\C is
isomorphic to Kn,n for some nonnegative integer n .
Proof LetG be a connected triangle-free EFC-graph. By Corollary 12, there exists an induced odd cycleC inG . IfG is
C5 orC7, we are done. If not, letM be aminimal matching isolating a vertex v inC such thatM contains exactly two
edges ofC ; that is, the neighbors ofv inC are saturated by the edges fromC . By Lemma 10,G is 2-connected. Hence, by
Theorem 3 and by triangle-freeness ofG ,G\(V (M ) ∪ {v }) is isomorphic to Kn,n for some positive integer n . Notice that
ifC is the cycle of length seven, thenG\(V (M ) ∪ {v }) contains an edge ofC . We define amatchingM ′ ⊂ M containing
all edges ofM except the edges of C , i.e., M ′ = M \E (C ). Therefore, in order to describe the structure of G\C , it is
sufficient to show how edges ofM ′ are connected to the edges ofG\C .
Claim 1 Any two edges ofM ′ induce either a 2K2 or aC4 inG .
Proof of Claim 1 Let x y and x ′y ′ be two edges ofM ′ such that x and x ′ are adjacent to a vertex v ofC . If there exists
no edge joining an endpoint of x y and an endpoint of x ′y ′ inG , then the edges x y and x ′y ′ form a 2K2. Suppose that
there exists an edge joining an endpoint of x y and an endpoint of x ′y ′ inG . Note that the vertices x and x ′ cannot be
adjacent by triangle-freeness ofG . Let v ∗ be a neighbor of v inC . Then the vertices v ∗, x and x ′ form an independent
set of size three. However, if y and y ′ are adjacent, thenG\{v ∗, x , x ′ } has a perfect matching containing the edge y y ′,
edges ofM \{x y , x ′y ′ }, and a perfect matching of randomlymatchable graphG\(V (M ) ∪ {v }). This contradicts with
Lemma 4. Hence, we deduce that y and y ′ are nonadjacent inG .
Now, assume that there exists an edge x y ′ but no edge x ′y inG . By Lemma 6, there exists a vertex v ′ inC which is
adjacent to neither x ′ nor y . Then the vertices v ′, x ′ and y form an independent set of size three andG\{v ′, x ′, y } has a
perfect matching containing the edge x y ′, edges ofM \{x y , x ′y ′ } and a perfect matching of randomlymatchable graph
G\(V (M ) ∪ {v }), contradicting with Lemma 4. Hence, x ′y is also an edge so that the vertices x , y , x ′, and y ′ induce aC4 .
2
Claim 2 An edge ofM ′ and each edge of the subgraphG\(V (M ) ∪ {v }) induce either a 2K2 or aC4 inG\C .
Proof of Claim 2By Theorem 3, the subgraphG\(V (M ) ∪ {v }) is isomorphic to Kn,n for some positive integer n , for
simplicity let us denoteG\(V (M ) ∪ {v }) by Kn,n . If neither of the endpoints of an edge ofM ′ is adjacent to a vertex
of Kn,n , then such an edge and an edge of Kn,n induce a 2K2. Now let x y be an edge ofM ′ such that there exists an
edge inG joining an endpoint of x y to a vertex of Kn,n . Note that ifC is the cycle of length seven, thenG\(V (M ) ∪ {v })
contains an edge ofC . However, such an edge can be ignored here since we are interested only inG\C . Without loss of
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generality, suppose that the vertices y andw are adjacent inG , wherew is a vertex in Kn,n\C . Thenwe need to show
that the vertex x is adjacent to all neighbors ofw in Kn,n\C . Assume to the contrary that there exists a neighbor z of
w in Kn,n\C such that x and z are nonadjacent. By Lemma 6, there exists a vertex v ′ ∈ C which is adjacent to neither
x nor z . Then the vertices v ′, x and z form an independent set of size three andG\{v ′, x , z } has a perfect matching
containing the edgewy , edges ofM \{x y } and a perfect matching of randomly matchable graph Kn,n\wz , contradicting
with Lemma 4. Hence, we deduce that there exists an edge joining x and z inG . This implies that x is adjacent to all
neighbors ofw inKn,n\C . By symmetry, one can observe that the vertex y is also adjacent to all neighbors of z inKn,n\C .
By triangle-freeness ofG , we conclude that Kn,n\C and the edge x y form a randomly matchable graph Kn+1,n+1 inG\C ;
that is, x y and each edge of Kn,n\C induce aC4 inG . 2
Claim 3 If two edges ofM ′ induce aC4 with the same edge inG\C , then these two edges ofM ′ induce also aC4 inG .
Proof of Claim 3 Let x y and x ′y ′ be two edges ofM ′, Kn,n represent the subgraphG\(V (M ) ∪ {v }) and letwz be an
edge in Kn,n\C . Suppose that both x y and x ′y ′ induce aC4 with the edgewz in Kn,n . Without loss of generality, assume
that the vertices x and x ′ are adjacent to the vertexw and the vertices y and y ′ are adjacent to the vertex z inG . Note
here that x cannot be adjacent to x ′, and y cannot be adjacent to y ′ by triangle-freeness ofG . By Claim 1, the edges x y
and x ′y ′ induce either a 2K2 or aC4 via edges x y ′ and x ′y inG . Thus, it is sufficient to show that the edges x y and x ′y ′
do not induce a 2K2 inG . Assume to the contrary that the edges x y and x ′y ′ induce a 2K2 inG , i.e., the vertices x and y ′
as well as the vertices x ′ and y are nonadjacent. By Lemma 6, there exists a vertex v ′ ∈ C which is adjacent to neither x
nor y ′. Then the vertices v ′, x and y ′ form an independent set of size three andG\{v ′, x , y ′ } has a perfect matching
containing the edges x ′w and z y , edges ofM \{x y , x ′y ′ }, and a perfect matching of Kn,n\wz . Since it contradicts with
Lemma 4, we deduce that there exists an edge joining x and y ′ inG . By Claim 1, we also conclude that x ′ is adjacent to y .
That is, the edges x y and x ′y ′ induce aC4 inG . 2
By combining Claim 1, 2 and 3, it is easy to verify that an edge ofM ′ induces either a 2K2 or aC4 with all edges of a
component ofG\C . Hence, we conclude that each component ofG\C is isomorphic to a Kn,n for some positive integer
n .
Corollary 14 LetG be a connected triangle-free EFC-graph. Then, there are no two different vertex-disjoint induced odd cycles
inG . In particular, the length of this unique induced odd cycleC is either five or seven.
In order to show how components ofG\C are connected toC , we first focus on how each edge ofG\C is connected
toC . The next lemma guarantees that each edge ofG\C induces aC4 with at least one edge ofC inG .
Lemma 15 LetG be a connected triangle-free EFC-graph andC be an induced odd cycle inG . Then each edge ofG\C induces
aC4 with at least one edge ofC in such a way that for the edge x y ofG\C , if the vertex x is adjacent to a vertex v ∈ C , then the
vertex y is adjacent to a neighbor of v inC . Furthermore, the neighborhood of the endpoints of an edge ofG\C inC induce a
path in such a way that triangle-freeness is preserved.
Proof LetG be a connected triangle-free EFC-graph,C be an induced odd cycle inG , andH be a component ofG\C .
By Theorem 13,H is isomorphic to Kn,n for some nonnegative integer n . Consider an edge joining a vertex ofH and a
vertex ofC , say the edge xv , where x ∈ H and v ∈ C . Such an edge always exists inG sinceG is connected. Thenwe
need to show that all neighbors of x inH are adjacent to a neighbor of v inC . Assume to the contrary that there exists a
neighbor of x inH , say y , that is adjacent to none of the neighborsv ′ andv ′′ ofv inC . Then the vertices y ,v ′ andv ′′ form
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an independent set of size three andG\{y ,v ′,v ′′ } has a perfect matching containing the edges xv , a perfect matching
of the pathC\{v ,v ′,v ′′ }which has an even number of vertices, and a perfect matching of randomlymatchable graph
G\(C ∪ {x , y }). Since it contradicts with Lemma 4, we deduce that there exists an edge joining y and at least one of
{v ′,v ′′ }. Hence, all neighbors of x inH are adjacent to at least one of the vertices v ′ and v ′′. Without loss of generality,
assume that y is adjacent to v ′ inC . In a similar way, one can observe that all neighbors of y inH are adjacent to at least
one neighbor of v ′ inC . Therefore, we conclude that each edge inH induce aC4 with at least one edge inC sinceH is
isomorphic to Kn,n for some nonnegative integer n . In addition, one can easily observe that the neighborhood of the
endpoints of an edge ofG\C inC induce a path such that triangle-freeness is preserved, as desired.
The next lemma, which describes induced triangle-free EFC subgraphs ofG , is the primary tool for our characteriza-
tion of triangle-free EFC-graphs.
Lemma 16 LetG be a connected triangle-free EFC-graph andC be an induced odd cycle inG . Then a subgraph ofG induced
by the vertices ofC together with a randomly matchable subgraph ofG\C is a connected triangle-free EFC-graph.
Proof LetG be a connected triangle-free EFC-graph,C be an induced odd cycle inG , andH be a randomlymatchable
subgraph ofG\C . By Theorem 13, every component ofG\C is isomorphic to Kn,n for some nonnegative integer n . Then
(G\C )\H is also a randomlymatchable subgraph ofG\C , sayH ′. Hence, a subgraph ofG induced by the vertices ofC
andH can be considered as an induced subgraphG\V (M ) ofG , whereM is a perfect matching ofH ′. LetG ′ be such an
induced subgraph. By Lemma 15,G ′ is connected. By Lemma 5,G ′ is a triangle-free EFC graph. This completes the proof.
Therefore, each of subgraph ofG induced by the vertices ofC and an edge ofG\C is indeed a connected triangle-
free EFC-graph. In light of this information, the next theorem provides the structural characterization of connected
triangle-free EFC-graphs containing only one edge after the removal of an induced odd cycle. Note here that such
graphs are the smallest connected triangle-free EFC-graphs exceptC5 andC7.
Theorem 17 LetG be a connected triangle-free EFC-graph andC be an induced odd cycle inG . Then a subgraph ofG induced
by the vertices ofC and an edge inG\C is isomorphic to one of the graphs given in Figure 1.
(a) (b) (c) (d) (e)
F IGURE 1 Subgraphs ofG induced by the vertices ofC and an edge ofG\C .
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Proof LetG be a connected triangle-free EFC-graph and C be an induced odd cycle inG . Recall that C is a cycle of
length five or seven. LetG ′ be a subgraph ofG induced by the vertices ofC and an edge ofG\C . By Lemma 16,G ′ is a
connected triangle-free EFC-graph with induced odd cycle C such thatG ′\C is isomorphic to K2. By Lemma 15 and
Lemma 6, it is easy to see that the number of vertices inC that are adjacent to the vertices ofG ′\C can be at least two
and at most four when C is a cycle of length five, and at least two and at most six when C is a cycle of length seven.
Besides, all such vertices ofC are consecutive in either case ofC . For a cycleC of length five, we obtain the graphs (a),
(b) and (c) given in Figure 1. One can easily verify that all of these graphs are connected triangle-free EFC-graphs. On
the other hand, for a cycleC of length seven, one can observe that the only triangle-free EFC-graphs are the graphs d
and e given in Figure 1, i.e., the graphs having four or five consecutive vertices in C that are adjacent to the vertices
ofG ′\C . In fact, in all other graphs one can find an independent set of size three containing at least two vertices ofC
such that the remaining graph after the removal of such an independent set has a perfect matching, contradicting with
Lemma 4 and hence implying that such graphs are not EFC-graphs. This completes the proof.
Corollary 18 LetG be a connected triangle-free EFC-graph andC be an induced odd cycle inG . The number of vertices inC
that are adjacent to the vertices of an edge inG\C is at least two or four, whereC is a cycle of length five or seven, respectively.
Furthermore, all such vertices ofC are consecutive in either case ofC .
In the next lemma, we show that if any two edges ofG\C induce aC4 with the same edge inC , then these two edges
ofG\C belong to the same component ofG\C .
Lemma 19 LetG be a connected triangle-free EFC-graph andC be an induced odd cycle inG . Then two edges from different
components ofG\C cannot induce aC4 with the same edge inC .
Proof LetG be a connected triangle-free EFC-graph andC be an induced odd cycle inG . Let x y andwz be two edges
from different components ofG\C , i.e., x y andwz induce a 2K2 inG\C . Let the consecutive vertices ofC be labeled
by v1, v2, v3, v4, v5, if necessary v6 and v7, depending on the length of C . Assume to the contrary that both edges x y
andwz induce aC4 with the edge v2v3, where x andw are adjacent to v2, and y and z are adjacent to v3. If x and v4 are
nonadjacent inG , the vertices x , z and v4 form an independent set of size 3. ThenG\{x , z ,v4 } has a perfect matching
containing the edgeswv2 , yv3 , a perfect matching of the pathC\{v2,v3,v4 }which has an even number of vertices, and a
perfect matching of randomlymatchable graphG\(C ∪ {x , y ,w , z }). Since it contradicts with Lemma 4, we deduce that
x and v4 are adjacent inG . By symmetry, we also deduce that z and v1 are adjacent inG .
Suppose thatC is a cycle of length five inG . If v5 is adjacent to neitherw nor y inG , the verticesw , y and v5 form an
independent set of size 3. ThenG\{w , y ,v5 } has a perfect matching containing the edges xv4, zv1, v2v3 and a perfect
matching of randomlymatchable graphG\(C ∪ {x , y ,w , z }). Since it contradicts with Lemma 4, we deduce that v5 is
adjacent to at least one of {w , y }. W.l.o.g., we assume that v5 is adjacent tow . Then, the verticesw , y and v4 form an
independent set of size 3 andG\{w , y ,v4 } has a perfect matching containing the edges xv2, zv3, v1v5, and a perfect
matching of randomlymatchable graphG\(C ∪ {x , y ,w , z }). Since it contradicts with Lemma 4, we conclude that both
x y andwz cannot induce aC4 with the same edge ofC , whereC is a cycle of length five.
Suppose that C is a cycle of length seven. If v7 is adjacent to neitherw nor y inG , the verticesw , y and v7 form
an independent set of size 3. ThenG\{w , y ,v7 } has a perfect matching containing the edges zv1, xv4, v2v3, v5v6, and
a perfect matching of randomlymatchable graphG\(C ∪ {x , y ,w , z }). Since it contradicts with Lemma 4, we deduce
that v7 is adjacent to at least one of {w , y }. In the case where the edge yv7 exists, the verticesw , y and v1 form an
independent set of size 3 andG\{w , y ,v1 } has a perfect matching containing the edges xv2 , zv3 , v4v5 , v6v7 , and a perfect
matching of randomly matchable graphG\(C ∪ {x , y ,w , z }). Since it contradicts with Lemma 4, we deduce that the
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vertex v7 is adjacent tow but not y inG . By symmetry, we also deduce that the vertex v5 is adjacent to y but notw in
G . It follows that the verticesw , y and v6 form an independent set of size 3 andG\{w , y ,v6 } has a perfect matching
containing the edges zv3, xv2, v1v7, v4v5, and a perfect matching of randomly matchable graph G\(C ∪ {x , y ,w , z }).
Since it contradicts with Lemma 4, we conclude that both x y andwz cannot induce aC4 with the same edge ofC , where
C is a cycle of length seven.
By Lemma16, a subgraph ofG induced by the vertices ofC and two edges fromdifferent components ofG\C is also
a connected triangle-free EFC-graph. From this viewpoint, the next theorem provides the structural characterization of
connected triangle-free EFC-graphs containing only a 2K2 after the removal of an induced odd cycle.
Theorem 20 LetG be a connected triangle-free EFC-graph andC be an induced odd cycle inG . Then a subgraph ofG induced
by the vertices ofC and two edges from different components ofG\C is isomorphic to one of the graphs given in Figure 2.
(A) (B) (C) (D) (E) (F)
F IGURE 2 Subgraphs ofG induced by the vertices ofC and two edges from different components ofG\C .
Proof LetG be a connected triangle-free EFC-graph and C be an induced odd cycle inG . Recall that C is a cycle of
length five or seven. LetG ′ be a subgraph ofG induced by the vertices ofC and two edges, say x y andwz , from different
components ofG\C . By Lemma 16,G ′ is a connected triangle-free EFC-graphwith induced odd cycleC such thatG ′\C
is isomorphic to 2K2. Let Sx y and Swz denote the set of vertices of C that are adjacent to the vertices of x y andwz ,
respectively. Note here that, by Corollary 18, the vertices in each of Sx y and Swz are consecutive inC . Remark that, by
Theorem 17, both subgraphs ofG ′ induced by the vertices ofC and each of x y andwz are also connected triangle-free
EFC-graphs given in Figure 1. That is, we only need to combine the graphs given in Figure 1with the same induced odd
cycle. Furthermore, by Lemma 19, an edge ofC cannot induce aC4 with both edges x y andwz , i.e., the vertices of x y
andwz have no common consecutive neighbors inC . We then need to examine two disjoint and complementary cases:
the vertices of x y andwz have common nonconsecutive neighbors inC and have no common neighbor inC .
We first consider the case where the vertices of x y andwz have at least one common neighbor inC . For a cycleC
of length seven, by Theorem 17, each of Sx y and Swz contains four or five vertices, see the graphs (d ) and (e) in Figure 1.
By Lemma 19 and the cardinality ofC , one can observe that at least one of the sets Sx y and Swz have size four whereas
the othermay have size four or five. Hence, we deduce thatG ′ is isomorphic to one of the graphs (A) and (B) given in
Figure 2, whereC is a cycle of length seven. For a cycleC of length five, by Theorem 17, each of Sx y and Swz contains
at least two and at most four vertices, see the graphs (a), (b) and (c) in Figure 1. Then, it is easy to verify that the only
possible ordered pairs ( |Sx y |, |Swz |) are (2, 4), (3, 3) and (3, 4). Otherwise, in the other pairs there exists an independent
set I of size three such thatG ′\I has a perfect matching, contradicting with Lemma 4. Therefore,G ′ is isomorphic to
one of the graphs (C ), (D ) and (E ) given in Figure 2, whereC is a cycle of length five.
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Wenow consider the case where the vertices of x y andwz have no common neighbor inC . For a cycleC of length
seven, by Corollary 18, each of Sx y and Swz contains at least four vertices. Then, the vertices of x y and wz must
be adjacent to at least eight vertices in C , contradicting with the cardinality of C . Therefore, in this case there is no
triangle-free EFC-graphwhereC is a cycle of length seven. On the other hand, for a cycleC of length five, each of Sx y
and Swz contains at least two vertices by Corollary 18, see the graphs (a), (b) and (c) in Figure 1. By the cardinality ofC ,
the possible ordered pairs ( |Sx y |, |Swz |) are (2, 2) and (2, 3). However, in the case with ordered pair (2, 2), one can easily
verify that there exists an independent set I of size three such thatG ′\I has a perfect matching, contradicting with
Lemma 4. Therefore, the only possible ordered pair is ( |Sx y |, |Swz |) is (2, 3). Hence,G ′ is isomorphic to the graph (F )
given in Figure 2, whereC is a cycle of length five.
Corollary 21 LetG be a connected triangle-free EFC-graph andC be an induced odd cycle inG . The vertices of two edges from
different components ofG\C dominate the vertices ofC . That is, for any two edges inducing a 2K2 inG\C , each vertex ofC is
adjacent to at least one vertex of these edges.
We conclude this section with the following result, which specifies themaximum number of components inG\C .
One can easily verify this result by combining Theorems 17 and 20.
Corollary 22 LetG be a connected triangle-free EFC-graph andC be an induced odd cycle inG . Then the subgraphG\C ofG
has at most two components.
4 | TRIANGLE-FREE EFC-GRAPH FAMILIES
The goal in this section is to obtain the families of triangle-free EFC-graphs. Recall thatG is a connected triangle-free
EFC-graphwith an induced odd cycleC of length five or seven. By Corollary 22,G\C contains at most two components
and by Lemma 16, a subgraph of G induced by the vertices of C and a component of G\C is a connected triangle-
free EFC-graph. The case whenG is C5 or C7 is trivial. Here, we analyze the non-trivial cases where the number of
components of G\C , c(G\C ), is one or two. Accordingly, we first characterize connected triangle-free EFC-graphs
remaining connected after the removal of an induced odd cycle. By using this characterization, we then provide a
characterization of connected triangle-free EFC-graphs containing exactly two components after the removal of an
induced odd cycle. Note here that cycles of length five and seven correspond to the smallest connected triangle-free
EFC-graphs since in these cases nothing is left after the removal of an odd cycle.
In each subpart, wewill give explicit descriptions of the related graph families. Wefirst give the definition ofmodular
decomposition, which wewill use for more compact descriptions of triangle-free EFC-graph families by using the graphs
in Figure 3. Two vertices are called twins if they have the same set of neighbors. A graph is called twin-free if it does not
have any twins. For a graphG , a setX ⊆ V (G ) is amodule if all members ofX have the same set of neighbors among
vertices not inX . Modular decomposition is a decomposition of a graph into its modules. For each undirected graph,
this decomposition is unique. A unique twin-free graph can be obtained by contracting eachmoduleX in the leaves of
themodular decomposition tree into a single vertex withmultiplicity |X |. In our graph family descriptions, we use the
following notation: LetH be a graph on k vertices v1, v2,..., vk and letm1,m2,...,mk be nonnegative integers denoting the
multiplicities of these vertices, respectively. ThenH (m1,m2, ...,mk ) denotes the graph obtained fromH by repeatedly
replacing each vertex vi with an independent set of mi vertices, each of which having the same neighborhood as vi .
Notice that all vertices in independent set replacing vi are indeed twins. Clearly,H = H (1, ..., 1) since all multiplicities
are 1.
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F IGURE 3 Unique twin-free graphs obtained from themodular decompositions of connected triangle-free
EFC-graphs.
In here, we show that the class of connected triangle-free EFC-graphs remaining connected after the removal of an
induced odd cycle is equivalent to the following graph class:
Definition 1 The graph class F contains the following graph families:
• F11 = {G2(n, n, 0, 1, 1, 1, 1, 1, 0, 0, 0) |n ≥ 1}.
• F12 = {G1(n, n, 1, 1, 1, 1, 1) |n ≥ 2}
• F21 = {G2(r , n, s, 1, n + 1 − r − s, 1, 1, 1, 0, 0, 0) |n ≥ 2, n − 1 ≥ r ≥ 1, n − 1 ≥ s ≥ 1}.
• F22 = {G1(n, r , 1, 1, 1, 1, n − r + 1) |n ≥ 2, n ≥ r ≥ 1}
• F3 = {G2(0, 0, 0, 1, 1, 1, r , s, 0, n + 1 − r , n + 1 − s) |n ≥ 1, n ≥ r ≥ 1, n ≥ s ≥ 1}
• F4 = {G2(0, 0, 0, 1, 1, r , n + 1, s, 0, 0, n + 2 − r − s) |n ≥ 2, n − 2 ≥ r ≥ 2, n − 2 ≥ s ≥ 2}
whereG1 andG2 are the graphs depicted in Figure 3.
Proposition 23 IfG ∈ F where F = F11∪F12∪F21∪F22∪F3∪F4 , thenG is a connected triangle-free EFC-graph remaining
connected after the removal of an induced odd cycle.
Proof For anyG ∈ F, one can check that there is no independent set I of size three inG such thatG\I has a perfect
matching. Hence,G is an EFC-graph by Lemma 4. All the other properties are easily verifiable.
In order to prove the other direction, we suppose that c(G\C ) = 1, i.e.,G\C is connected. Remark that, by Theorem
13,G\C is isomorphic to Kn,n for some positive integer n sinceG\C is not empty. By Corollary 18, the vertices of each
edge in G\C is adjacent to at least two or four consecutive vertices of C , where C is a cycle of length five or seven,
respectively. Hence, we observe that the number of vertices of C that are nonadjacent to the vertices of G\C is at
most three, and all such vertices are consecutive in either case ofC . This observation enables us to analyze connected
triangle-free EFC-graphs remaining connected after the removal of an induced cycle in the following disjoint and
complementary cases with respect to the number of such vertices.
Proposition 24 LetG be a connected triangle-free EFC-graph remaining connected after the removal of an induced odd cycle
C . IfC has exactly three vertices that are nonadjacent to the vertices ofG\C , thenG ∈ F11 ∪ F12 . In particular,G ∈ F11 ifC is
a cycle of length five andG ∈ F12 ifC is a cycle of length seven.
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Proof LetG be a connected triangle-free EFC-graph remaining connected after the removal of an induced odd cycleC .
Recall thatC is a cycle of length five or seven, and by Theorem 13,G\C is isomorphic to Kn,n for some positive integer n
sinceG\C is not empty. Let the consecutive vertices ofC be labeled by v1 , v2 , v3 , v4 , v5 , if necessary v6 and v7 , depending
on the length ofC . Suppose that exactly three vertices ofC are nonadjacent to the vertices ofG\C . Then, by Corollary
18, we deduce that the vertices of each edge inG\C is adjacent to the same two or four consecutive vertices ofC , say
v1 and v2, or v1, v2, v3 and v4, where C is a cycle of length five or seven, respectively. Therefore, the vertices ofG\C
and two or four consecutive vertices ofC form a complete bipartite subgraph Kn+1,n+1 or almost complete bipartite
subgraph, i.e. a complete bipartite graphwith amissing edge, Kn+2,n+2 − v1v4, whereC is a cycle of length five or seven,
respectively. Hence, by representing the vertices v1 , v2 , v3 , v4 and v5 in a cycleC of length fivewith the vertices u5 , u6 , u7 ,
u8 and u4, respectively, in graphG2 given in Figure 3, it is easy to verify thatG belongs to the graph family F11. Besides,
by representing the vertices v1, v4, v5, v6 and v7 in a cycle C of length seven with u3, u7, u6, u5 and u4, respectively, in
graphG1 given in Figure 3, it is easy to verify thatG belongs to the graph family F12.
Proposition 25 LetG be a connected triangle-free EFC-graph remaining connected after the removal of an induced odd cycle
C . IfC has exactly two vertices that are nonadjacent to the vertices ofG\C , thenG ∈ F21 ∪ F22 . In particular,G ∈ F21 ifC is a
cycle of length five andG ∈ F22 ifC is a cycle of length seven.
Proof LetG be a connected triangle-free EFC-graph remaining connected after the removal of an induced odd cycleC .
Recall thatC is a cycle of length five or seven, and by Theorem 13,G\C is isomorphic to Kn,n for some positive integer n
sinceG\C is not empty. Let the partite sets ofG\C be labelled byA and B , and the consecutive vertices ofC be labeled
by v1, v2, v3, v4, v5, if necessary v6 and v7, depending on the length ofC . Suppose that exactly two vertices ofC , say v2
and v3, are nonadjacent to the vertices ofG\C .
LetC be a cycle on five vertices. Then, by Corollary 18, we deduce that exactly one endpoint of each edge inG\C
is adjacent to the vertex v5. Due to triangle-freeness, this implies that all vertices in a partite set ofG\C , say A, are
adjacent to the vertex v5 inG . That is, the vertices ofG\C and the vertex v5 form a complete bipartite subgraph Kn+1,n .
Notice that, by Lemma 15, the vertices in B are adjacent to at least one of v1 and v4. By partitioning the vertices of B
into three sets with respect to their adjacencies with v1 and v4, one can represent the vertices v1, v2, v3 and v4 with the
vertices u6, u7, u8 and u4, respectively, in graphG2 given in Figure 3. Hence, it is easy to verify thatG belongs to the
graph family F21 in this case.
Now letC be a cycle on seven vertices. Then, by Corollary 18, at least one endpoint of each edge inG\C is adjacent
to the vertices v5, v6, and v7 such that triangle-freeness is preserved. Due to triangle-freeness, this implies that all
vertices in a partite set ofG\C , sayA, are adjacent to the vertices v5 and v7 inG , while all vertices in the other partite
set B of G\C are adjacent to the vertex v6. That is, the vertices of G\C together with v5, v6 and v7 form a complete
bipartite subgraph Kn+2,n+1 inG . Notice that, by Lemma 15, the vertices in B are adjacent to exactly one of v1 and v4. By
considering the partition of vertices in B into two sets with respect to their neighborhood to v1 or v4, one can represent
vertices v1 , v2 , v3 , and v4 with the vertices u3 , u4 , u5 and u6 , respectively, in graphG1 given in Figure 3. Hence, it is easy to
verify thatG belongs to the graph family F22 in this case.
WhenC is a cycle of length seven, we show in the next lemma that there is no triangle-free EFC-graphG remaining
connected such that the vertices ofG\C are nonadjacent to at most one vertex ofC .
Lemma 26 IfC is a cycle of length seven, then at least two vertices ofC are nonadjacent to all vertices ofG\C .
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Proof LetG be a connected triangle-free EFC-graph remaining connected after the removal of an induced odd cycle
C of length seven. By Theorem 13,G\C is isomorphic to Kn,n for some positive integer n sinceG\C is not empty. Let
the partite sets ofG\C be labelled byA and B , and the consecutive vertices ofC be labeled by v1, v2, v3, v4, v5, v6 and v7.
Assume that at most one vertex inC , say v3 if any, is nonadjacent to all vertices ofG\C . Suppose that x and y are two
adjacent vertices inG\C , where x ∈ A and y ∈ B , such that y is adjacent to v7. Notice that, by Lemma 15, x is adjacent
to at least one of {v1,v6 }. Suppose also that a and b are neighbors of v4 and v2 , respectively, inG\C . If the vertices a and
b belong to different partite sets ofG\C , say a ∈ A and b ∈ B , then the vertices v1, v3 and v5 form an independent set of
size 3 andG\{v1,v3,v5 } has a perfect matching containing the edges v2b , v4a , v6v7, and a perfect matching of randomly
matchable graph (G\C )\{a, b }. Since it contradicts with Lemma 4, we deduce that the vertices a and b belong to the
same partite set ofG\C . Note that the same holds evenwhen a and x (similarly b and y ) refer to the same vertex.
In the case where a, b ∈ A, the vertices v1, v3 and v6 form an independent set of size 3 and G\{v1,v3,v6 } has a
perfectmatching containing the edgesv2b ,v4v5 , yv7 , and a perfectmatching of randomlymatchable graph (G\C )\{b, y },
contradicting with Lemma 4. Note that the same holds even if a , b , and x refer to the same vertex. In the case where
a, b ∈ B , if x is adjacent tov6 , similarly the verticesv3 ,v5 andv7 form an independent set of size 3 andG\{v3,v5,v7 } has a
perfectmatching containing the edgesv4a ,v1v2 , xv6 , and a perfectmatching of randomlymatchable graph (G\C )\{a, x },
contradicting with Lemma 4. Note that the same holds even if a , b , and y refer to the same vertex.
On the other hand, if x is nonadjacent to {v6 }, then by Lemma 15 x is adjacent to both v1 and v3. For the same
reason, y is adjacent to both v7 and v3. Besides, by Lemma 15, a is adjacent to both v2 and v4. Remark that all neighbors
of v5 are in either one of partite setsA and B by triangle-freeness ofG . If there exists a vertexw in B which is adjacent
to v5 , then the vertices x , v2 and v6 form an independent set of size 3 andG\{x ,v2,v6 } has a perfect matching containing
the edgesv5w ,v3v4 ,v1v7 , and a perfectmatching of randomlymatchable graph (G\C )\{w , x }, contradictingwith Lemma
4. Note that the same holds even if a , b , y , andw refer to the same vertex. Hence, we deduce that there exists a vertex
z inAwhich is adjacent to v5. However, by Theorem 17 and Figure 1, there is no such edge as y z since v6 is adjacent
to neither y nor z . Note that the same holds even if x and z refer to the same vertex. We conclude that there are no
such vertices a and b inG\C . In other words,G\C contains only x and y . However, by Theorem 17 and Figure 1, ifC
is a cycle of length seven, at least two consecutive vertices ofC are not adjacent to any vertex ofG\C , contradiction.
Hence, the theorem follows.
Proposition 27 LetG be a connected triangle-free EFC-graph remaining connected after the removal of an induced odd cycle
C . IfC has exactly one vertex that is nonadjacent to the vertices ofG\C , thenG ∈ F3.
Proof LetG be a connected triangle-free EFC-graph remaining connected after the removal of an induced odd cycle
C . By Lemma 26, the only induced odd cycle C inG is a cycle of length five. Similarly, let the partite sets ofG\C be
labelled asA and B , and the consecutive vertices ofC be labeled as v1, v2, v3, v4, and v5. Suppose that exactly one vertex
ofC , say v3, is nonadjacent to the vertices ofG\C . Let a and b be two different vertices that are adjacent to v4 and v2,
respectively, inG\C . By Theorem 17, an endpoint of an edge inG\C cannot be adjacent to both v2 and v4, where v3 is
adjacent to none of the vertices ofG\C . Hence, the neighbors of v2 and v4 inG\C belong to different partite sets of
G\C , say a ∈ A and b ∈ B . That is, a and b are adjacent inG\C . By Lemma 15, one can observe that all vertices ofA and
B inG\C are adjacent to the vertex v1 and v5, respectively. Therefore, the vertices ofG\C and the vertices v1 and v5 of
C form a complete bipartite subgraph Kn+1,n+1 inG . In particular, the vertices inA and B may ormay not be adjacent to
the vertices v4 and v2, respectively, where a ∈ A and b ∈ B are adjacent to v4 and v2, respectively, inG . By considering
the partition of vertices inA and B with respect to their adjacencies to v2 and v4, one can represent vertices v2, v3, and
v4 with the vertices u4, u5 and u6, respectively, in graphG2 given in Figure 3. Hence, it is easy to verify thatG belongs to
the graph family F3.
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Proposition 28 LetG be a connected triangle-free EFC-graph remaining connected after the removal of an induced odd cycle
C . If each vertex inC is adjacent to at least one vertex ofG\C , thenG ∈ F4.
Proof LetG be a connected triangle-free EFC-graph remaining connected after the removal of an induced odd cycle
C . By Lemma 26, the only induced odd cycle C inG is a cycle of length five. As before, let the partite sets ofG\C be
labelled by A and B , and the consecutive vertices of C be labeled by v1, v2, v3, v4, v5. Suppose that each vertex inC is
adjacent to at least one vertex ofG\C . Assume that x and y are two adjacent vertices inG\C , where x ∈ A and y ∈ B .
By Lemma 15, x y induces aC4 with at least one edge inC , say v1v5 with edges xv1 and yv5. Assume also that a and b
are neighbors of v4 and v2, respectively, inG\C . Then, by Lemma 15, all vertices inA are adjacent to at least one of v1
and v4 since y is adjacent to the vertex v5. Similarly, all vertices in B are adjacent to at least one of v2 and v5 since x is
adjacent to the vertex v1 . Note that all neighbors of v3 belong to the same partite set ofG\C , sayA, by triangle-freeness
ofG . Hence, by Lemma 15, the vertices in B are adjacent to at least one of v2 and v4. To sum up, the vertices in B are
adjacent to at least one of v2 and v5 and also at least one of v2 and v4. Therefore, we deduce that all vertices in B are
indeed adjacent to v2 since a vertex in B cannot be adjacent to both v4 and v5 by triangle-freeness ofG . It follows that,
by Lemma 15, the vertices inA are adjacent to at least one of v1 and v3. It implies that the vertices inA are adjacent to
at least one of v1 and v4 and also at least one of v1 and v3. In a similar way, we deduce that all vertices inA are indeed
adjacent to v1 since a vertex inA cannot be adjacent to both v3 and v4 by triangle-freeness ofG . Therefore, the vertices
ofG\C and the vertices v1 and v2 form a complete bipartite graph Kn+1,n+1 inG . Note here that all neighbors of v3 and
v5 inG\C belong to the partite sets A and B , respectively. Besides, all neighbors of v4 belong to the same partite set
ofG\C , say B , by triangle-freeness ofG . Therefore, the vertices inA are adjacent to at least one of v3 and v5. Since all
neighbors of v5 inG\C are, due to triangle-freeness ofG , none of the vertices in A are adjacent to v5. Therefore, all
vertices inA are adjacent to v3. Consequently, the subgraph ofG induced by the vertices ofG\C and the vertices v1, v2
and v3 form a complete bipartite graph Kn+2,n+1. Note here that the vertices in B may be adjacent to either v4 or v5 by
triangle-freeness ofG ; particularly, there exist at least two vertices in B one of which is adjacent to v4 and the other
is adjacent to v5. By considering the partition of vertices in B with respect to their adjacencies to v4 and v5, one can
represent vertices v4 and v5 with the vertices u4 and u5, respectively, in graphG2 given in Figure 3. Hence,it is easy to
verify thatG belongs to the graph family F4.
We summarize the results in this subsection as follows:
Theorem 29 A graphG is a connected triangle-free EFC-graph remaining connected after the removal of an induced odd cycle
if and only ifG ∈ F, where F = F11 ∪ F12 ∪ F21 ∪ F22 ∪ F3 ∪ F4.
Proof One direction follows from Proposition 23. We proceed as follows to prove the other direction: Let G be a
connected triangle-free EFC-graph remaining connected after the removal of an induced odd cycleC . Let S be the set
of vertices inC which are nonadjacent to all vertices ofG\C . By Corollary 18, we observe that |S | ≤ 3. If |S | = 3, then
by Proposition 24,G is a member of F11 ∪ F12. If |S | = 2, then by Proposition 25,G is a member of F21 ∪ F22. IfC is a
cycle of length seven, then by Lemma 26, there is no such a graphG in the case |S | ≤ 1. Finally, ifC is a cycle of length
five, then by Propositions 27 and 28,G is a member of F3 ∪ F4.
In here, we show that the class of connected triangle-free EFC-graphs containing two components after the removal
of an induced odd cycle is equivalent to the following graph class:
Definition 2 The graph class G contains the following graph families:
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• G11 = {G1(n, n, 1,m,m, 1, 1) |n ≥ 2,m ≥ 2}
• G12 = {G1(n, r , 1,m,m, 1, n − r + 1) |n ≥ 2, n ≥ r ≥ 1,m ≥ 2}
• G21 = {G2(r , n, s, 1, n + 1 − r − s, 1, 1, 1, 0,m,m) |n ≥ 1,m ≥ 1n − 1 ≥ r ≥ 1, n − 1 ≥ s ≥ 1, r + s = n }
• G22 = {G2(n, n, 0, 1, 1, 1, k , l , 0,m + 1 − k ,m + 1 − l ) |n ≥ 1,m ≥ 1,m ≥ k ≥ 1,m ≥ l ≥ 1, k + l = m }
• G23 = {G2(n, n, 0, 1, 1, r ,m, s, 0, ,m + 1 − r − s) |n ≥ 1,m ≥ 2,m − 2 ≥ r ≥ 2,m − 2 ≥ s ≥ 2, r + s = m }
• G31 = {G2(r , n, s, 1, n + 1 − r − s, 1, 1,m + 1 − k − l , l ,m, k ) |n ≥ 1, n − 1 ≥ r ≥ 1, n − 1 ≥ s ≥ 1, r + s = n,m ≥
1,m − 1 ≥ k ≥ 1,m − 1 ≥ l ≥ 1, k + l = m }
• G32 = {G2(r , n, s, 1, n + 1 − r − s, 1, k , l , 0,m + 1 − k ,m + 1 − l ) |n ≥ 1, n − 1 ≥ r ≥ 1, n − 1 ≥ s ≥ 1, r + s = n,m ≥
1,m ≥ k ≥ 1,m ≥ l ≥ 1, k + l = m }
whereG1 andG2 are the graphs depicted in Figure 3.
Proposition 30 IfG ∈ G, where G = G11∪ G12∪ G21∪ G22∪ G23∪ G31∪ G32 , thenG is a connected triangle-free EFC-graph
containing exactly two components after the removal of an induced odd cycle.
Proof As in Proposition 23, one can verify that there is no independent set I of size three inG ∈ G such thatG\I has a
perfect matching; hence by Lemma 4,G is an EFC-graph. All the other properties are easily verifiable.
To prove the other direction, we now consider a connected triangle-free EFC-graphG containing two components,
sayH1 andH2, after the removal of an induced odd cycleC inG . By Theorem 13,H1 andH2 are isomorphic to Kn,n and
Km,m , respectively, for some nonnegative integers n andm . By Lemma 16, both subgraphs ofG induced by the vertices
ofC andH1 and by the vertices ofC andH2, i.e.,G\H2 andG\H1, respectively, are connected triangle-free EFC-graphs.
Besides,G\H2 andG\H1 contain only one componentH1 andH2 , respectively, after the removal of an induced odd cycle
C . Hence, by Theorem 29, we deduce thatG\H2 andG\H1 are members of the graph class F. On the other hand, by
Lemma 19, any two edges fromH1 andH2 cannot induce aC4 with the same edge inC , and by Corollary 21, the vertices
of these edges dominate the vertices ofC . Besides, by Corollary 14, a connected triangle-free EFC-graphG has only one
induced odd cycle. These observations enable us to confine the rest of this subsection to combining two graphs from
the graph class F with each other. Particularly, these graphsmust be combined in such away that they have the same
induced odd cycle and remaining subgraphs ofG after the removal of C have at most two nonconsecutive common
neighbors inC .
Proposition 31 LetG be a connected triangle-free EFC-graph containing two components after the removal of an induced odd
cycle of length seven. ThenG ∈ G11 ∪ G12.
Proof LetG be a connected triangle-free EFC-graph containing two components H1 and H2 after the removal of an
induced odd cycleC of length seven. Note here that by Corollary 14, there is no induced odd cycle of length five that is
vertex disjoint from the induced odd cycle with length 7. By Propositions 24 and 25, each of induced subgraphsG\H2
andG\H1 ofG is a member of either one of the graph families F12 or F22. On the other hand, by Lemma 19, we deduce
that both the subgraphsG\H2 andG\H1 cannot both belong to the graph family F22. That is, at least one ofG\H2 and
G\H1 is a member of the graph family F12. Hence, it is easy to verify that G belongs to the graph family G11 or G12,
where at least one ofG\H2 andG\H1 belongs to the graph family F12 and the other one belongs either to the graph
family F12 or F22, respectively.
We now proceed with the characterization of connected triangle-free EFC-graphs containing two components
after the removal of an induced odd cycle of length five. In the next lemma, we show that for any triangle-free EFC-graph
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G containing two componentsH1 andH2 after the removal of an induced odd cycleC of length five, at least one of the
induced subgraphsG\H2 andG\H1 ofG is a member of the graph families F11 or F21.
Lemma 32 IfG is a connected triangle-free EFC-graph containing two componentsH1 andH2 after the removal of an induced
odd cycleC of length five, then at least one of the induced subgraphsG\H2 andG\H1 belongs to the graph families F11 and F21 .
Proof LetG be a connected triangle-free EFC-graph containing two components H1 and H2 after the removal of an
induced odd cycleC of length five. By Lemma 16 and by Theorem 29, both induced subgraphsG\H2 andG\H1 ofG are
members of the graph class F. Assume to the contrary that none ofG\H2 andG\H1 belong to the graph families F11
and F21. Note that F12 and F22 have induced cycles of length seven. Then by Theorem 29, each ofG\H2 andG\H1 is a
member of F3 or F4. Furthermore, by Lemma 19 and by Corollary 21, subgraphs (G\H2)\C and (G\H1)\C , i.e.,H1 and
H2, respectively, have to have at most two nonconsecutive common neighbors inC . By definition of the graph families
F3 and F4 , we conclude thatG\H2 andG\H1 cannot belong to F3 and F4 , contradiction. Therefore, at least one ofG\H2
andG\H1 belongs to the graph families F11 and F21.
Proposition 33 LetG be a connected triangle-free EFC-graph containing two componentsH1 andH2 after the removal of an
induced odd cycleC of length five. IfG\H2 ∈ F11, thenG ∈ G21 ∪ G22 ∪ G23. In particular,G ∈ G21 ifG\H1 ∈ F21,G ∈ G22
ifG\H1 ∈ F3, andG ∈ G23 ifG\H1 ∈ F4.
Proof LetG be a connected triangle-free EFC-graph containing two components H1 and H2 after the removal of an
induced odd cycle C of length five. Suppose that one ofG\H2 andG\H1 belongs to the graph families F11, sayG\H2.
Note here that all edges of H1 induce a C4 with the same edge of C , i.e., the vertices of H1 are only adjacent to two
consecutive vertices of C , since G\H2 ∈ F11. Since, by Corollary 21, any two edges from H1 and H2 dominate the
vertices of C , we deduce thatG\H1 < F11. Besides, by Lemma 19, any two edges from H1 and H2 cannot induce a C4
with the same edge inC . It follows thatG\H1 is a member of the graph families F21, F3 or F4. Hence, it is easy to verify
thatG belongs to one of the graph families G21, G22 and G23, whereG\H1 belongs to the graph families F21, F3 or F4,
respectively.
Proposition 34 LetG be a connected triangle-free EFC-graph containing two componentsH1 andH2 after the removal of an
induced odd cycleC of length five. IfG\H2 ∈ F21, thenG ∈ G31 ∪ G32. In particular,G ∈ G31 ifG\H1 ∈ F21 andG ∈ G32 if
G\H1 ∈ F3.
Proof LetG be a connected triangle-free EFC-graph containing two components H1 and H2 after the removal of an
induced odd cycle C of length five. Suppose that one ofG\H2 andG\H1 belong to the graph families F21, sayG\H2.
Suppose also thatG\H1 < F11; otherwise, we obtain the graph family G21 described already in Proposition 33. Notice
that the vertices ofH1 are adjacent to three consecutive vertices ofC sinceG\H2 ∈ F21 . By Lemma 19 and by Corollary
21, we deduce thatG\H2 andG\H1 have at most two nonconsecutive common neighbors inC . It follows thatG\H1 is a
member of the graph family F21 or F3. Hence, it is easy to verify thatG belongs to one of the graph families G31 and G32
whereG\H1 belongs to the graph families F21 and F3, respectively.
We summarize the results in this subsection as follows:
Theorem 35 A graphG is a connected triangle-free EFC-graph containing exactly two components after the removal of an
induced odd cycle if and only ifG ∈ G where G = G11 ∪ G12 ∪ G21 ∪ G22 ∪ G23 ∪ G31 ∪ G32.
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Proof One direction follows from Proposition 30. To prove the other direction: letG be a connected triangle-free
EFC-graph containing two componentsH1 andH2 after the removal of an induced odd cycleC . IfG has an induced cycle
of length seven, thenG ∈ G11 ∪ G12 by Proposition 31. IfC is a cycle of length five, then by Lemma 32, at least one of
G\H2 andG\H1 belongs to F11 ∪ F21. If one ofG\H2 andG\H1, sayG\H2, belongs to F11, then by Proposition 33,G is a
member of G21 ∪ G22 ∪ G23. If one ofG\H2 andG\H1, sayG\H2, belongs to F21, then by Proposition 34,G is a member
of G31 ∪ G32.
5 | MAIN THEOREM AND RECOGNITION ALGORITHM
In this section, we first present the main result of this paper and then give an efficient recognition algorithm for
nonbipartite triangle-free EFC-graphs.
The following theorem, which provides a complete structural characterization of triangle-free equimatchable
graphs, is themain theorem of this paper:
Theorem 36 A graphG is a connected triangle-free equimatchable graph if and only if one of the following holds:
(i) G is an equimatchable bipartite graph, which is characterized in [11].
(ii) G is aC5 or aC7.
(iii) G ∈ F = F11 ∪ F12 ∪ F21 ∪ F22 ∪ F3 ∪ F4.
(iv) G ∈ G = G11 ∪ G12 ∪ G21 ∪ G22 ∪ G23 ∪ G31 ∪ G32.
Proof One direction follows from Proposition 23 and Proposition 30. We proceedwith the other direction. LetG be a
connected triangle-free equimatchable graph. IfG is a bipartite equimatchable graph, then (i) holds. Now consider the
case whereG has an induced odd cycleC of length at least 5. Hence, by Theorem 8,G is an EFC-graph. IfG has girth at
least 5, then (ii) holds by [8]. Otherwise, by Corollary 22,G\C has at most two components. IfG\C is connected, then
(iii) holds by Theorem 29. IfG\C has two components, then (iv) holds by Theorem 35.
The recognition problem of triangle-free equimatchable graphs is clearly polynomial since each one of these two
properties can be tested in polynomial time. Equimatchable graphs can be recognized in time O (m · m) (see [4]),
where m (resp. m) is the number of edges (resp. non-edges) of the graph. Triangle-freeness can be recognized in
time O (m 2ωω+1 = O (m1.407) (see [3]), wherew is the exponent of thematrix multiplication complexity (the best known
exponent isω ≈ 2.37286 (see [10])). Hence, the currently known overall complexity of the recognition of triangle-free
equimatchable graphs is O (m · (m +m0.407)).
Wewill now show that for non-bipartite graphs, our characterization yields a linear time recognition algorithm.
Algorithm 1 Triangle-free equimatchable graph recognition for non-bipartite graphs
Require: A non-bipartite graphG .
1: Compute the unique twin-free graphH andmultiplicities n1, . . . , nk such thatG = H (n1, . . . , nk ).
2: ifH is isomorphic to neither one ofG1,G2 nor to a relevant subgraph of it then
3: return false
4: else
5: return true if and only if n1, . . . , nk matches any of themultiplicity patterns in the definitions of F, G,C5 orC7
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Corollary 37 Given a non-bipartite graphG , Algorithm 1 can recognize whetherG is equimatchable and triangle-free in linear
time.
Proof The correctness of Algorithm 1 is a direct consequence of Theorem 36. For every graphG , there is a unique
twin-free graphH and a unique vector (n1, . . . , nk ) of vertexmultiplicities such thatG = H (n1, . . . , nk ). The graphH and
the vector (n1, . . . , nk ) can be computed fromG in linear time by first computing themodular decomposition ofG (see
[16]) and then looking for leaves of themodular decomposition tree that are independent sets. Therefore, step 1 can be
performed in linear time.
We now note that some entries of themultiplicity vectors allowed for the graph families can be zero. In this case,H
is not isomorphic toG1 orG2 but to an induced subgraph of it with those specific vertices removed. We refer to those
graphs as relevant subgraphs in the algorithm. Observe that C5 and C7 are also one of the relevant subgraphs since
C5 = G2(0, 0, 0, 1, 1, 1, 1, 1, 0, 0, 0) andC7 = G1(1, 1, 1, 1, 1, 1, 1).
As for step 2, it takes constant time to decide whether an isomorphism exists: ifH hasmore than 11 vertices, it is
isomorphic to neither one ofG1,G2 nor to a subgraph of them; otherwise,H has to be compared to each one of these
graphs and their relevant subgraphs, where each comparison takes constant time. Finally, step 5 takes constant time.
We conclude that the running time of Algorithm 1 is dominated by the running time of step 1, which can be
performed in linear time.
6 | CONCLUSION AND OPEN QUESTIONS
Frendrup et al. [8] provided a characterization of equimatchable graphs with girth at least 5, while Akbari et al. [1]
characterized regular triangle-free equimatchable graphs. In this paper, we extend both of these results by providing a
complete structural characterization of triangle-free equimatchable graphs in terms of graph families. For non-bipartite
graphs, our characterization implies a linear time recognition algorithm, which improves the known complexity of
recognizing triangle-free equimatchable graphs.
Bipartite equimatchable graphs have been characterized by Lesk et al. [11] (Theorem 9); hence, we focus on
non-bipartite triangle-free equimatchable graphs. Since it has been proved by Dibek et al. [5] (Theorem 11) that
equimatchable graphs do not have induced odd cycles of length at least nine, the only possible induced odd cycles
in triangle-free equimatchable graphs are cycles of length five and seven. We then study such graphs by taking into
account the fact that equimatchable graphs with an induced odd cycle of length at least five has to be factor-critical
(Theorem8). We first prove that if there is an induced cycle of length five or seven in such a graph, then every component
of the subgraph induced by all vertices that are not on this cycle is isomorphic to a complete bipartite graphwith equal
partition sizes (Theorem 13). We then derive the structure of the graph induced by the odd cycle and the endpoints
of an edge outside the cycle (Theorem 17) as well as the one induced by the odd cycle and two edges from different
components of the subgraph outside the odd cycle (Theorem 20). As a corollary, we show that the subgraph induced by
the vertices that are not on the odd cycle has atmost two components (Corollary 22). We then analyze the casewith one
and two components in Section ?? and Section ??, respectively. In particular, we prove that themodular decompositios
of such graphs are either the graphs in Figure 3 or their relevant subgraphs. More precisely, we provide in Theorem
29 and Theorem 35 the structure of triangle-free equimatchable graphs where the removal of an induced odd cycle
leaves one component and two components, respectively. In Section 5, we present the main theorem of the paper
(Theorem 36). Building on this structural characterization, we present in Corollary 37 a linear time algorithmwhich,
given a non-bipartite graph, recognizes whether the graph is equimatchable and triangle-free.
An interesting open question is to obtain a similar efficient recognition algorithm for bipartite equimatchable
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graphs. Together with the algorithm in this paper, such an algorithmwould also imply an efficient recognition algorithm
for triangle-free equimatchable graphs in general. The characterization given by Lesk et al. [11] (Theorem 9) is not
structural and does not lead to an efficient recognition algorithm. The characterization by Frendrup et al. [8] (Theorem
7) is indeed structural; however, it is only for bipartite equimatchable graphs with girth at least six. Extending this
characterization to the general case of bipartite equimatchable graphs and obtaining graph families leading to an
efficient recognition algorithm is an interesting research direction.
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